Abstract. Hurewicz [7] has found connections between some topological notions and combinatorial ones. His study gave topological meaning to the definitions of the cardinals b and d. Rec law [11] gave topological meaning to the definition of the cardinal p. We complete the picture presenting a topological notion which gives topological meaning to the definition of the cardinal t. We compare our notion to the one related to p. This sheds new light on the famous open problem whether p = t.
Introduction
Cardinals associated with infinitary combinatorics play an important role in set theory. Some earlier works ( [7] , [11] , [10] , and [9] ) have pointed out a strong connection between these cardinals and classes of spaces having certain topological properties. In this paper, we continue this line of research in a way which enables us to give a topological meaning to an open problem from infinitary combinatorics.
The many faces of the real line. The allegory says that the real line R is like a cube: there are different ways to look at the very same object.
Let ω ω be the Baire space, having basic open sets
[s] = {x ∈ ω ω : s ⊆ x} (s ∈ ω <ω )
Cantor's space is the subspace 2 ω ⊆ ω ω .
Theorem 1.1 (Baire [1] ). ω ω is homeomorphic to the irrationals R \ Q.
Identify 2 ω with P (ω) via characteristic functions. Let F = {x ∈ 2 ω : ∀ ∞ n (x(n) = 0)}.
F corresponds to the finite sets, whence 2 ω \ F corresponds to [ω] ω (the collection of infinite subsets of ω), with
as basic clopen sets.
[ω] ω has a natural clopen subbase consisting of the sets O n = {A : n ∈ A} and O ¬n = {A : n ∈ A} = O c n (n ∈ ω).
Theorem 1.2 (folklore). ω ω is homeomorphic to [ω]
ω .
Cantor's space 2 ω is almost homeomorphic to [0, 1], via binary expansions a n : n < ω → n<ω a n 2 n+1 .
This continuous mapping is onto [0, 1] , and is almost an injection: there are countably many points which have two preimages. This mapping is in fact a homeomorphism 2 ω \ F → (0, 1].
Note that ω ω and R\Q are zero-dimensional (i.e., have clopen bases), and hence so are all of their subspaces. Conversely, every separable zero-dimensional metric space is homeomorphic to a subspace of ω ω (or R \ Q).
Working with 2 ω , [ω] ω and ω ω rather than R is often useful, for they are of more combinatorial character. We will visit this feature quite often during our journey.
Cardinal invariants.
The cardinals p and t.
is an almost-intersection of F if it is infinite, and for all X ∈ F , A ⊆ * X. Note that an almost-intersection is not unique.
ω is a power if it is centered, but has no almost-intersection.
ω is a tower if it is linearly ordered by ⊆ * , and has no almost-intersection.
ω is a tower}.
Clearly p ≤ t.
The cardinals b and d. A partial order ≤ * is defined on Baire's space
b is the minimal size of an unbounded family, and d is the minimal size of a dominating family, with respect to ≤ * .
The main problem. Let c denote the size of the continuum. The following holds.
It is well known that all relations are consistent to be strict, except for the following.
Problem 1.4. Is p < t consistent with ZF C ?

This problem is still open. It is only known that
Hurewicz [7] and Rec law [11] have compared some topological notions to combinatorial notions associated with the cardinals p, b and
The following section will describe the topological notion associated with p. This will serve as a motivation for our presentation of a new topological notion in the third section, which will turn out to be associated to the definition of t, and hence yield a topological characterization of t. We will also compare our notion to the one used by Rec law. In the fourth section, we will compare this notion to other classical notions. The last section will introduce and study a closely related notion. We hope that a study of our characterization might lead to a better understanding of the above open problem, and -perhaps -to its solution.
γ-spaces
Throughout this paper, by space we mean a zero-dimensional, separable topological space. The definition of a γ-space is due to Gerlits and Nagy [5] . It emerged from their study of the connection between properties of a space X, and those of the induced space C(X) (the continuous functions f : X → R, with pointwise convergence topology).
Let X be a space. A collection of open sets G is an ω-cover of X if for every finite
An open cover G of X is a γ-cover of X if it contains a γ-sequence for X. Clearly every γ-cover is an ω-cover. X is a γ-space if every ω-cover of X is a γ-cover of X. For convenience, we may assume that the ω-covers G of X are countable and clopen (replacing each element from G by all finite unions of basic clopen sets contained in it), and that for all finite F 0 ⊆ X, there are infinitely many G ∈ G with F 0 ⊆ G (copying the sequence ω many times, using the natural bijection ω × ω → ω).
And so we will, from now on. Gerlits and Nagy [5, theorem 2] proved that C(X) is Fréchet iff X is a γ-space. (A space X is Fréchet if whenever x ∈Ā ⊆ X, there exists a sequence in A which converges to x.)
Let Γ denote the collection of all γ-spaces. The γ-property is very strict: Gerlits and Nagy [5, corollary 6] proved that all γ-spaces are C ′′ . In particular, it is consistent that all γ-spaces are countable.
Rec law has given an elegant characterization of γ-spaces. (to make the definition sound, one can work, e.g., in R \ Q).
Corollary 2.2 (Galvin, Miller, Taylor [4, p. 146]). non(Γ) = p.
We conclude this section with a remark on the non-hereditarity of γ-sets. We say that a property P is hereditary for subspaces of the same size if, whenever X has property P , so does every subspace (of X) of size |X|. 
The tower of τ
As mentioned in the introduction, the problem whether p = t in ZF C is still open. Using topological tools might help us understand it better. We present a new topological notion, which will yield a characterization of t.
Strengthening the "not T 1 " property demanding that the above holds for all x, y would trivialise G to be {X}, or {X, ∅}. (Take any x ∈ X, and take G ∈ G containing x. Then for all y, y ∈ G. Hence, X ⊆ G.)
We therefore loosen the restriction to be, that for all x, y, either
x ∈ G → y ∈ G except for finitely many G ∈ G, or y ∈ G → x ∈ G except for finitely many G ∈ G. We put this definition more precisely.
For G = G n : n < ω , we write x G ; y for
G is a large cover, i.e. every element of X is covered by infinitely many elements of G, 2 and
An open cover J of X is a τ -cover of X if it contains a τ -sequence for X. It is easy to see that every γ-cover is a τ -cover, and every τ -cover is an ω-cover.
X is a τ -space if every clopen τ -cover of X is a γ-cover of X. Equivalently, if every countable clopen τ -cover of X is a γ-cover of X. Let T denote the collection of all τ -spaces.
We wish to transfer our covering notions into [ω] ω , in order to obtain their combinatorial versions. In Rec law's proof of theorem 2.1, a natural function h = h G is considered: given a countable large cover
That is, for all x ∈ X and n ∈ ω, n ∈ h(x) ⇐⇒ x ∈ G n . Now, let us see what h does to our topological notions. Assume G = G n : n < ω is an ω-cover of X. Then for all finite F 0 ⊆ X, F 0 is a subset of infinitely many G n 's. That is, n ∈ h[F 0 ] for infinitely many n's. This means that h[X] is centered.
Next, assume that G is a γ-sequence for X. Then ∀x∀ ∞ n (x ∈ G n ).
That is, ∀x∀
Therefore, G is a countable γ-cover of X iff the associated h[X] has an almost-intersection. Finally, a large cover G is a τ -sequence for X iff for all x, y ∈ X,
We have showed the following.
Lemma 3.2. Assume G is a countable large cover of X. almost-intersection. Applying lemma 3.2(2), we get that G is a γ-cover of X, and hence so is J . (⇒) Assume X is a τ -space, and f :
is not a tower.
The reader might have noticed that in the last proof we went around the following lemma. Proof. A continuous preimage of a clopen τ -cover is a clopen τ -cover.
We get a toplogical characterzation of t.
Corollary 3.5. non(T ) = t.
Unlike in the case of γ-spaces, large τ -spaces exist in ZF C. In fact, we have the following. With Shelah's kind permission, we include the proof. 
has an almost-intersection. For all n, let β n be an almost-intersection of
The set {β n : n ∈ ω} ∪ {σ} has size ω < p, hence has an almost-intersection. But this implies that f [ [s] ] has an almost-intersection. A contradiction.) Now define two branches β and ξ in T as follows. Start with in-
Choose an n 0 ∈ f (x 0 ) \ f (y 0 ). Since f is continuous, we can find
Now we reverse the roles, and find
. Then we take b 2 and c 2 , initial segments of y 1 and
We continue by induction.
Finally, let β = i b i = lim i x i , and ξ = i c i = lim i y i .
Since f is continuous, the sets {n 2k : k ∈ ω} and {n 2k+1 : k ∈ ω}
This theorem implies that the inclusion in corollary 3.1 is proper. We will modify it to get a large class of τ -sets which are not γ-sets.
Proof. Work in 2 ω \ F instead of 2 ω , and, when chosing the initial segment b i+1 of x i , use the fact that x i ∈ F to make sure b i+1 ends with a "1" (similar treatment for c i+1 ). This will make β and ξ belong to 2 ω \ F .
(An alternative proof is to replace 2 ω by ω ω , and
Corollary 3.8. Every analytic set of reals is a τ -space.
Proof. Every analytic set of reals is a continuous image of ω ω .
Remark 3.9.
1. Not all projective sets of reals are τ -sets. In fact, one can inductively define a projective tower in the constructible universe. 2. Due to a theorem of Suslin (cf. [8, corollary 2C.3]), every uncountable analytic set contains a perfect set, and hence is not a γ-set (it is not even strongly null).
As in the case of γ-sets (theorem 2.3), the property of being a τ -space need not be hereditary for subspaces of the same size. We will work in P (ω). 
<ω is a τ -space, and
Proof. We will use a modification of the Galvin-Miller construction (see [4, theorem 1] Construct, by induction,
For a limit i, use i < t to get X i . For successor i = k + 1, X i is constructed as follows:
<ω . By the lemma, there exists
<ω ∪ {X j : j < k}. Since this case
is not interesting, we may take X k+1 = X k .
After X i is chosen (either for limit or successor i), modify it as follows: if X i ⊆ * Y i , leave it as is. Otherwise, replace it by X i \ Y i .
This does the construction.
<ω is a τ -space: by the
This does (1) and (2).
ω . We will show that A is not an almostintersection of X. Take A 0 ⊆ A s.t. both A 0 and ω \ A 0 are infinite. Now, some X i satisfies either
By lemma 3.4 (considering the identity function on [ω] ω ), X is not a τ -set.
Corollary 3.12. p = t → τ -spaces are not closed under Borel images.
Proof. Let X be given by the theorem. Consider any function f :
<ω is a τ -space, but X, its Borel image, is not a τ -space.
We conclude this section with the following question. Recall that X has the Hurewicz property if for every sequence of open covers G n , there is a sequence of finiteG n ⊆ G n s.t. the sets ∪G n form a γ-cover of X. Let H denote the class of sets having the Hurewicz property.
X has the Menger property if for every sequence of open covers G n , there is a sequence of finiteG n ⊆ G n s.t. the sets ∪G n cover X. Let MEN denote the class of sets having the Menger property.
Clearly H ⊆ MEN . 
X has the Menger property iff every continuous image of X into
This characterization implies the following well known result. We get that none of these two notions is comparable to T .
Corollary 4.3.
T ⊆ MEN , and
(1) By 3.7, ω ω ∈ T , and by 4.1, ω ω ∈ MEN .
(2) follows from 3.5 and 4.2(1).
Remark 4.4. Indeed, τ -sets could be pretty far from having the Menger property. According to a theorem of Hurewicz [6, theorem 20] , an analytic set of reals having the Menger property must be F σ . Corollary 3.8 could be contrasted with this.
λ-spaces. X is a λ-space if every countable subset of X is G δ . We recall the Galvin-Miller theorem. 
<ω is a γ-space, and
Corollary 4.6. p = c → there is a γ-space which is not a λ-space.
In particular, τ -spaces need not be λ-spaces. However, these classes need not be orthogonal. By [4, theorem 2], a G δ γ-space is also F σ . Therefore, a co-countable subspace of Todorčević's space is also F σ , which implies that every countable subspace is G δ .
Corollary 4.8. It is consistent that there is a γ-space of size c which is also a λ-space.
Other spaces. The fact that analytic sets are τ -spaces strengthens the feeling (which might be obtained through our introduction of τ -spaces) that being a τ -space is actually a regularity property. It thus might be interesting to compare τ -spaces with other classes of regular sets. (e.g. (universally) measurable, Baire property, Ramsey, K σ , etc.)
We leave this open for future research.
The selection principle S 1
Unlike γ-sets, τ -sets do not fit into the framework defined in [9] . We recall the basic definitions.
A space X has property S 1 (x, y) (x, y range over {ω, γ, τ, . . . }) if, given a sequence of x-covers G n , one can select from each G n an element G n s.t. {G n : n ∈ ω} is a y-cover.
Gerlits and Nagy [5] proved that γ-sets have the S 1 (ω, γ) property.
Using this notation, we have the following.
Proof. As noted in §3, every γ-cover is a τ -cover, and every τ -cover is an ω-cover.
Obviously, S 1 (τ, γ) ⊆ T . By [9, theorem 2.3], 2 ω does not belong to the class S 1 (γ, γ), and therefore nor to the class S 1 (τ, γ).
In particular, this means that methods from [5] cannot be used directly in order to answer question 3.13. The following natural question arises: what are these spaces having the S 1 (τ, γ) property? We look closer at this question. Let us begin with saying that the τ -covering notion fits nicely into the framework of [9] (in fact, it suggests quite many interesting notions, but we will stick to S 1 (τ, γ) in this paper). For example, it can be added to [9, theorem 3.1] . In particular, we have the following. There are more properties, which follow from S 1 (ω, γ) ⊆ S 1 (τ, γ) ⊆ S 1 (γ, γ). We quote some of them.
Theorem 5.5. 1 (τ, γ) , then for every G δ set G con-
Remark 5.6. If we omit the metrizability assumption on the spaces, then S 1 (τ, γ) is not closed under cartesian products: Todorčević [12] showed that consistently, there exist (nonmetrizable) X, Y ∈ S 1 (ω, γ) s.t. X × Y ∈ S 1 (γ, γ). We do not know whether S 1 (τ, γ) is closed under taking finite powers (one can see that if G is a τ -cover of X, then {G n : G ∈ G} is a τ -cover of X n . But this is of course not enough). ω, γ) ). On the other hand, we have the following. Theorem 5.9. non(S 1 (γ, γ)) = b.
Therefore, p ≤ non (S 1 (τ, γ) ) ≤ b. We can say more than that.
Theorem 5.10. non(S 1 (τ, γ)) = t.
Proof. Assume |X| < t and let G n be τ -covers of X. We wish to say that the G n 's are γ-covers of X. Corollary 3.5 is not enough for our purposes, since the τ -covers need not be clopen. However, theorem 3.2 gives the desired result.
As |X| < b, X ∈ S 1 (γ, γ) (theorem 5.9). Therefore, one can extract a γ-cover of X from the G n 's. This proves t ≤ non (S 1 (τ, γ) ).
The other direction follows from the fact that S 1 (τ, γ) ⊆ T , together with 3.5.
The following corollary shows that it is consistent to have S 1 (τ, γ) = S 1 (γ, γ).
Corollary 5.11. t < b → S 1 (τ, γ) = S 1 (γ, γ).
We therefore have the following.
Question 5.12. Does S 1 (ω, γ) = S 1 (τ, γ) ?
As the consistency of p < t would imply a negative answer, this question seems to be closely related to the main problem whether p = t.
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